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l 9 INTRODUCTION 
Two Latin squares of order n ~ 2 are said to be isomorphic if one can be 
obtained from the other by permuting rows, permuting columns, and 
substituting on digits. For 2 ~ n ~ 7, the number of equivalence classes is 
known, and is given by the following table. 
n=2 3 4 5 6 7 
Number of Classes = 1 1 2 2 22 563 
In this paper, a method of generating a representative from each class of 
the latin Squares of any order n is given, and the method is applied to order 8. 
This yields 1,676,257 representatives. 
2. RECTANGLE ISOMORPHISM THEOREMS 
In this section we give several necessary conditions for isomorphism 
between latin rectangles. 
Given an l • n, 1 ~ l ~ n, latin rectangle, the relationship between any 
pair of distinct rows is given by a permutation with no digit fixed. 
Not counting inverses, there are l ( l -  1)/2 permutations which give the 
full set of relationships between pairs of rows, and the admissible cycle 
patterns of the permutations correspond to the partitions of n which do not 
contain a' 1. 
Let [i,j] be the permutation which carries row i into rowj. I f  [k, i] and [k,j] 
are known, 1 ~ i, j, k ~ l, then [i,j] can be computed from them, and is 
* This research was partially supported by the Office of Naval Research, 
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equal to [i, k] [k, j]. Often we will need only the permutations with a given row 
as row 1. We write as (1), [1, 2], [1, 3],..., [1, l] and call this the principale 
presentation of the rectangle. If  a different row, say j, should be permuted 
into the 1 position, this sequence would be given by (1), [j, 1], and [j, 1][1, k], 
1 ~ k ~ l, k @ l, j, in some order. 
In terms of permutations, the statement of isomorphism becomes: Let R 1 
and R 2 be l • n, 1 ~ l ~ n, latin rectangles of order n, and let the principle 
presentation of R 1 be (1), ~2 ,..., c~,. Then, a necessary and sufficient condition 
that R1 be isomorphic to R z is that there exists a row permutation R on R 2 
which yields the principle presentation (1), fiz ..... fit, and a permutation 5, 
such that 8-1fli ~ = o~ i , 2 ~ i ~ 1. 
I f  $-~fii ~ = a,. and $-1fij$ = ~,  then ~-- l~ l f l j~  = ~- - l f l~- l~- - l f i j~  = O~-I(xj , 
This yields many necessary conditions for isomorphism of Latin rectangles 
of which four are described here. 
DEFINITION. We say that an l • n latin rectangle is of type (k, h), 
k + h ~ l, k ~ h, if the rows of the rectangle can be partitioned into two 
sets A and B, such that k-rows are in A and h-rows in B and all rows of A are 
even w.r.t, each other and odd w.r.t, all rows of B. 
DEFINITION. Two l • n latin rectangles are said to agree in sgn 1 iff they 
are the same type. 
THEOREM. ./1 necessary condition that two l • n latin rectangles be isomorphic 
is that they agree in sgn 1. Moreover, if two (k, h) rectangles are isomorphic, 
then the k-set of rows of the one is isomorphic to the k-set of the other under the 
same conjugation. 
DEFINITION. Label the m admissible cycle patterns for order n, 1, 2,..., m. 
Let C i be the set of permutations of the rectangle which have cycle patterns 
i, 1 ~ i ~ m. Form the m-position vector with card C i in the ith position, 
and call this the cycle pattern count vector of the rectangle. 
DEFINITION. Two latin rectangles which have the same cycle pattern 
count vector are said to agree in sgn 2. 
THEOREM. ./1 necessary condition that two 1 • n latin rectangles be isomorphic 
is that they agree in sgn 2. 
DEFINITION. Label the p types of cycles in the admissible cycle patterns 
for order n, 1,2, .... p. 
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Let cij be the number of appearances of digit i, 1 ~ i ~ n, in a cycle of 
type j, 1 ~< j <~ p. Form the p-position vector vi with c,j in the jth position, 
and call these vectors the digit cycle vectors of the rectangle. 
DEFINITION. Two latin rectangles are said to agree in sgn 3 iff their 
unordered sets of digit cycle vectors are the same. 
THEOREM. .4 necessary condition that two latin rectangles be isomorphic is
that they agree in sgn 3. Moreover, the totality of all matchings between sets of 
digit cycle vectors yields all possible digit substitutions which couM lead to an 
isomorphism. 
DEFINITION. Let T[i,j]be the cycle pattern type for the permutation which 
carries row i into row j in an 1 • n latin rectangle R. Form the sequence 
T[1, 2], T[1, 3], T[2, 3],..., T[1, I] ..... T[l --  1, I], and call this the cycle 
pattern type sequence for R. 
DEFINITION. We say that the cycle pattern type sequence with elements si
is prefered tO the cycle pattern type sequence with elements t i if 3 an integer h, 
1 ~ k ~ l( l --  1)/2, such that s t= h , i<  k, and Sk < te. Any sequence 
with none preferred to it is called a preferred sequence. Any rearrangement 
of the rows of an l • n latin rectangle R gives a rearrangement of the cycle 
pattern type sequence, and at least one arrangement will g ivea sequence 
which is preferred. 
DEFINITION. Two l • n latin rectangles are said to agree in sgn 4 iff they 
have identical preferred cycle pattern type sequences. 
THEOREM. .4 necessary condition for two latin rectangles to be isomorphic 
is that they agree in sgn 4. Further, if the rows of one rectangle are rearranged 
so as to give a preferred cycle pattern type sequence, then the totality of row 
arrangements of the other which couM lead to an isomorphism consists of those 
which give a preferred cycle pattern type sequence. 
3. GENERATION OF THE REPRESENTATIVE SQUARES 
In this section we describe a construction which produces a representative 
from each equiValence class for latin squares of any order. 
DEFINITION. A rectangle in which all rows are even w,r.t, each other is 
said to be even, 
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THEOREM. Any (k, l)-type latin square of order n is isomorphic to a square 
in which the first k rows, k >/n/2, form an even rectangle. 
In view of this theorem, we have that any (k,/)-type square is isomorphic 
to some square found by forming all odd completions to the set of k • n even 
representatives. 
We now describe a procedure for obtaining the k • n even represen- 
tatives, 1 ~ k ~ n. 
Any row can be permuted into 1, 2,..., n. We write this in permutation 
form as (1) and refer to (1) by P(1). 
We partition the compatible even permutations into classes B(1,i), 
1 ~ i ~ m(1), according to pattern type, and let P(1, i) be the represen- 
tative for B(1, i). Then, there are re(l) 2 • n representatives, which are 
given by P(1), P(1, i), 1 ~ i ~ m(1). 
Some notation is necessary before presenting the method used to obtain 
the (k 4- 2 )•  n even representatives from the (k 4- 1) • n even represen- 
tatives, k = 1,..., n -- 2. 
DEFINITION. Let P(s(k)), s(k) a k-sequence, be the kth row permutation 
of the k-rowed even representative: 
R(s(k)) ~ P(1), P(s(2)),..., P(s(k -- 1)), P(s(k)), 
where s(j), 1 ~ j ~ k, is the sequence consisting of the first j terms of s(k). 
DEFINITION. Let s(k) be the sequence i(1) ..... i(k); then s(k), i(k + 1) is the 
(k 4- 1)-sequence i(1),..., i(k), i(k + 1). 
DEFINITION. The sequence s(k) = 1, i(2),..., i(k), is said to precede the 
sequence t(k) = 1,j(2),..., j(k), written s(k) < t(k), if3 an integer l, 1 < l ~<k 
i(m) = j(m) for m < l and i(1) < j(l). R(s(k)) is said to precede R(t(k)) iff 
s(k) < t(k). 
DEFINITION' 
A(s(k) h) = U B(s(k)l) 
1 < k ~ n --  1, 1 ~< l ~< m(s(k)), 1 ~< h ~< m(s(k)), where m(s(k)) is the 
number of equivalence classes which are formed with R(s(k)) as a base (i,e., 
the first k-rows). 
We partition A(s(k), h) into classes D(s(k), h), E(s(k), h), F(s(k),h) according 
to the following rule: Let P ~ A(s(k), h). If P is compatible with P(s(k),h) 
and R(s(k), h) together with P is isomorphic to R(t(k 4- 2)) where t(k 4- !)  
precedes (k), h, then P c D(s(k), h). If P is compatible with P(s(k), h) and the 
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second condition does not hold, then P ~ E(s(k), h). Lastly, if P is incom- 
patible with P(s(k), h), then P ~ F(s(k), h). 
Partition E(s(k), h) into equivalence classes according to the following rule: 
Two permutations P1, P~ are in the same class iff R(s(k), h) together with P1 
is isomorphic to R(s(k), h) together with P~. Label the classes B(s(k), h, i), 
1 ~ i ~ m(s(k), h). Pick one element from each B(s(k), h, i) and call it 
P(s(k), h, i). The (k + 2)-rowed even representatives are then given by the 
R(s(k), h, i). 
To prove this last statement we suppose that we have the (k + l)-rowed 
representatives, and show that the addition of some permutation P r A(s(k), h) 
to R(s(k), h) yields a (k + 2)-rowed rectangle which is isomorphic to some 
(k + 2)-rowed rectangle which is generated by the process, i.e., to a rectangle 
R(t(k + 1)) with the addition of a permutation P1 ~ A(t(k + 1)). 
The construction P (~ A(s(k), h) implies that P is not compatible with some 
row in R(s(k)) or that R(s(r)), 1 <~ r < k, together with P is isomorphic to 
some R(t(r + 1)) where t(r ) < s(r). In the former case we have no com- 
pletion, so that we need only consider the latter. To do this we prove the 
more general statement: Given a representative R(s(i)) and a compatible 
permutation P, then a sufficient condition that the (i + 1)-rowed even 
rectangle formed by R(s(i)) together with P be isomorphic to some (i + 1)- 
rowed even representative based on R(t(i)), where t(i) precedes (i), is that 
some j-subset of rows be isomorphic to R(q(j)) where q(j) < s(j). 
Proof. Form all 2-sets from the l + 1 given rows. One of them is iso- 
morphic to a representative which is preceded by no other, say R(1, v~). The 
other (i --  1)-rows are carried into rows which are compatible with R(1, v~) 
and which must lie in A(1, v2). Therefore at least one of the 3-subsets is 
isomorphic to a rectangle of the form R(1, v 2 , u3). Form all 3-sets from the 
(i -k 1)-rows. One of them is isomorphic to a representative which is preceded 
by no other, say R(1, v2, %). The mapping which carries this 3-set into 
R(1, v~, v3) carries the remaining ( i -  2)-rows into rows compatible with 
R(1, v2, v3) and which must be A(1, v~, %). Therefore at least one of the 
4-sets is isomorphic to a rectangle of the form R(1, v~, %,  u4). After a finite 
number of steps we arrive at a representative R(t(i)), t(i) = 1, v~ , v 3 .... , vi , 
and a single compatible permutation P2 which is A(t(i)). If this is not a 
(i + 1)-rowed even representative, then it can only be because it is isomorphic 
to some other (i + 1)-rowed rectangle which also has R(t(i))as a base. Since 
t(j) < s(j), we have proved the assertion. 
It is possible and advantageous to anticipate certain isomorphisms through 
small modifications of the construction. 
First we redefine 
A(s(k), h) =-- U B(s(k), O, 
182 BROWN 
1 ~ h ~ m(s(k)), l ~ m(s(k)), and show that this change of construction for 
an arbitrary k, 1 < k ~ n 1, does not change the representatives R(s(k), h, p) 
or the classes B(s(k), h, p). 
Suppose that some P ~ B(s(k), i) is compatible with P(s(k), h), i < h. Then 
we can form the (k -k 2)-rowed rectangle R consisting of R(s(k), h) and P. 
If we interchange P(s(k), h) and P, then ~ a mapping which carries the first 
k -[- I rows into R(s(k), i), and P(s(k), h) into some permutation, P1, which is 
compatible with R(s(k), i). I f  P1 e B(s(k),j), i ~ j ~ m(s(k)), then R would 
be rejected and P would not appear in any B(s(k), h, p). I f  P1 (~ A(s(k), 1), 
then we would also have the desired condition. If P1 ~ B(s(k), j), 1 ~ j < i, 
then we repeat the process. Since the index is decreased each step, and is 
bounded below by 1, we must reach one of the two previous conditions after 
a finite number of steps. 
Second, some rectangle signatures can be used to reject rectangles indi- 
rectly. 
If i < j, then the appearance of an P(1,/)-type permutation i  a rectangle 
based on R(1,j) assures us, since some two rows form a 2-set which is 
isomorphic to a 2-set which precedes R(1,j), that this rectangle will be 
rejected, and the permutation which was added will be unavailable at the 
next stage. We may extend this signature rejection to 3-sets by ordering the 
R(1, j, k) according to their signatures. This is possible within the framework 
of the construction since no restriction was put on the ordering of the 
B(1,j, k) for fixed j. It is not, in general, possible to extend this concept o 
4-sets (in this way at least), since two nonisomorphic 3-sets may have the 
same signature and it could happen that some 4-rowed even representative 
will precede another 4-rowed even representative with a preferred signature. 
For the higher orders there is, however, an advantage in arranging the 
B(s(k), h), s(k) fixed, so that the sets are in order of decreasing cardinality. 
If card B(s(k), h) -- oh, then the total number of attempted completions 
from elements in these sets is equal to 
m(s(D) 
h.ca.  
h=l  
This will be a minimum when c 1 /~ c~ >/ ..- >/crees(k) ) . 
In generating the (k, l) representatives from the k-rowed even represen- 
tatives we need not attempt all completions with odd rows since the digit in 
column 1, row i, k < i ~ n, may be fixed by virture of row interchange. 
We may reject some (k, l) squares as representatives by examining the 
automorphisms of the k-rowed even representative which is used as a base. 
Suppose we have an aut0morphism A of the k.rowed even representative R. 
Then the 1 remaining rows o f  the square, S, are carried by the conjugation 
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into compatible rows which are still odd w.r.t. R, and a row interchange will 
put the digits in column 1 in the same positions as before. Now we form, for S 
and its image, a number with the digit from position l ~ i , j  of the square in 
position (n 9 i) ~-j. If the number formed from S is less than that formed 
from the image, then we may reject S, since it is isomorphic to a square 
which (in a sense) precedes it. 
If k 5~ l, for a (k, /)-square, then any isomorphism between completed 
squares must be of this nature since the k-set of the one square must be 
carried into the k-set of the other in the mapping. 
I f  k = l, there is a further possibility for rejection since the/-set is iso- 
morphic to some k-rowed representative. We form the signature s1 of the 
/-set, and compare it against he signature s 2 of its k-set base. If s 1 is preferred 
to s 2 , then we may reject the square since it is isomorphic to some square 
generated from the k-rowed representative which is isomorphic to the/-set. 
I f  s 2 is preferred to s 1 , then the square may be set aside as a representative 
against which there will be no further testing (since any square isomorphic 
to it will be rejected by its signature). If sl = s2, then the square must be 
subjected to the full isomorphism test against other squares of the same 
signature. 
4. APPLICATION TO SQUARES OF ORDER 8 1 
Eight has the admissible partitions 2222, 44, 26, 35, 224, 233, 8, of which 
the first four are even and the last three are odd. 
There are, then, four representatives of the two-row even rectangles. They 
are given by 
(1), (12)(34)(56)(78); (1), (1234)(5678); 
(1), (12)(345678); (1), (123)(45678). 
For the higher-order ectangles the methods of Sections 2 and 3 were 
mechanized for the IBM 7094 at the University of California at Los Angeles 
Computation Center. 
The four two-row even representatives yielded 110 three,row even repre- 
sentatives and these in turn produced 11,968 four-row even representatives. 
The 11,968 four-row even representatives gave rise to 466,867, (4,4), 
nonisomorphic squares, and 296,227 five-row even representatives. 
The 296,227 five-row even representatives were completed to 720,840, (5,3), 
nonisomorphic squares and approximately one million six-row even rectangles. 
1 The methods of this paper were also applied to the latin squares of order 6, and 
(see [1]) 22 was verified as the correct number. 
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These were not reduced to representatives since the number of (6,2) com- 
pletions was estimated to be smaller. The (6,2) completions were found 
without "automorph rejection," and the full squares were pardoned on their 
signatures and tested for isomorphism. This yielded 372,344 nonisomorphic, 
(6,2) squares. The set of six-row even rectangles was then used as a base for 
generating seven-row even rectangles which were again not reduced to 
representatives. The seven-row even rectangles were completed to (7,1) and 
(8,0) squares and these were reduced respectively to 101,782 and 14,424 
nonisomorphic squares. The totals are tabulated below: 
(4,4) 466,867 
(5,3) 720,840 
(6,2) 372,344 
(7,1) 101,782 
(8,0) 14,424 
TOTAL  1,676,257 
ACKNOWLEDGMENT 
The author is indebted to Professor Marshall Hall, Jr. for some discussions which 
led to the results of this paper. 
REFERENCES 
1. R. A. FISHER, AND F. YATES, The 6 • 6 Latin Squares. Proc. Cambridge Phil. 
Soc. 30 (1934), 492-507. 
2. M. HALL JR., "A Survey of Combinatorial Analysis, Some Aspects of Analysis and 
Probability, Surveys in Applied Mathematics, IV." Wiley, New York, 1958. 
3. H. W. NORTON, The 7 • 7 Squares. Ann. Eugenics 2 (1939), 269-307. 
4. A. A. SADE, An Omission in Norton's List of 7 • 7 Squares. Ann. Math. Stat. 22 
(1951), 306-307. 
5. G. TARRY, Le probl~me des 36 officiers. Compt. Rend. Assoc. Franc. Av. Sci. 2 
(1901), 170-203. 
